The extension of the linear flavor-wave theory (LFWT) to fully antisymmetric irreducible representations (irreps) of SU(N ) is presented in order to investigate the color order of SU(N ) antiferromagnetic Heisenberg models in several two-dimensional geometries. The square, triangular and honeycomb lattices are considered with m fermionic particles per site. We present two different methods: the first method is the generalization of the multiboson spin-wave approach to SU(N ) which consists of associating a Schwinger boson to each state on a site. The second method adopts the Read and Sachdev bosons which are an extension of the Schwinger bosons that introduces one boson for each color and each line of the Young tableau. The two methods yield the same dispersing modes, a good indication that they properly capture the semi-classical fluctuations, but the first one leads to spurious flat modes of finite frequency not present in the second one. Both methods lead to the same physical conclusions otherwise: long-range Néel-type order is likely for the square lattice for SU(4) with two particles per site, but quantum fluctuations probably destroy order for more than two particles per site, with N = 2m. By contrast, quantum fluctuations always lead to corrections larger than the classical order parameter for the tripartite triangular lattice (with N = 3m) or the bipartite honeycomb lattice (with N = 2m) for more than one particle per site, m > 1, making the presence of color very unlikely except maybe for m = 2 on the honeycomb lattice, for which the correction is only marginally larger than the classical order parameter.
I. INTRODUCTION
The experimental research with ultra-cold atomic gases in optical lattices is currently a very active and rapidly progressing field. This type of experiments offers the possibility of fully controlling many parameters, allowing the realization of a vast number of lattice models at low-temperature. It is thus an important tool to help understand the many-body physics of quantum nature. In addition to the well-studied systems with SU(2) symmetry, recent experiments demonstrate that systems characterized by SU(N ) with N ≤ 10 can be implemented with up to two particles per site m ≤ 2 thanks to the strong decoupling between the electronic angular momentum and the nuclear spin of alkaline-earth atoms. [1] [2] [3] The high symmetry of SU(N ) offers many exciting prospects, such as simulating non-Abelian lattice gauge theories well-known in high-energy physics or implementing quantum computing schemes. Another aspect of interest is the abundance of exotic phases that SU(N ) spin Hamiltonian can accommodate.
A simple model that describes the above experimental realization is the fermionic SU(N ) Hubbard model 
and the operatorsŜ µ ν admit a fermionic representation,
This model has been studied in various settings. A Bethe ansatz solution is known in one dimension for any N , 4 along with quantum Monte Carlo (QMC) simulation results. [5] [6] [7] The investigation of higher dimensional systems often relies on many different numerical techniques. The exact diagonalization 8, 9 can be used for finite cluster sizes, whereas Quantum Monte Carlo methods [10] [11] [12] [13] [14] can be applied to problems that do not suffer from the sign problem. The variational Monte Carlo [15] [16] [17] [18] [19] and tensor network algorithms [20] [21] [22] have also been employed for SU(N ) systems, yielding remarkably accurate results. Analytical investigations have also been carried out, notably using field-theoretical methods in the large-N limit. 23 In particular, chiral spin liquid and valence cluster states are predicted for large N depending on the ratio 24, 25 
For small values of N , however, it was shown using the linear flavor-wave theory (LFWT) and different numerical methods that the antiferromagnetically ordered phase states. These states are mapped to states in SU(Ñ ) fundamental irrep, after which the semi-classical approximation nc → ∞ is performed.
is stabilized 9, 20, 26, 27 for m = 1, in which two different colors occupy the adjacent sites of each bond, similar to the spin-1 2 Heisenberg square lattice in a Néel configuration. The LFWT, which originates from the pioneering works of Papanicolaou 28, 29 and which was further developed by Joshi et al. 30 and Chubukov 31 , assesses the possibility of a system to retain a long-range order with quantum fluctuations, and it predicts a magnetic order for m = 1 up to N = 5 for the square lattice, and for N = 3 for the triangular lattice. 32, 33 It is expected that the magnetic order would be destroyed as k becomes large due to the increase of quantum fluctuations and the frustration in the system that stems from the extensively degenerate ground-state manifold at the mean-field level for large N . So far, the LFWT has been applied uniquely on the systems with one particle per site (m = 1), and it is not yet known if the magnetic order would survive in systems with relatively small k and m with more than one particle per site (m > 1).
When placing one particle per site, the N degrees of freedom of SU(N ), called colors or flavors in reference to elementary particles, lead to the use of the fundamental irreducible representation of SU(N ), in which the SU(N ) matrices act on the N -dimensional complex-vector space. However, placing many particles per site can be seen as generating new composite particles (e.g., quarks giving mesons in particle physics), and the action of SU(N ) has to be adapted to the composite particles, meaning that a different irreducible representation (irrep) of SU(N ) has to be considered. An irreducible representation of SU(N ) can be depicted by a Young tableau, labeled by the row lengths (l 1 , . . . , l k ) or, alternatively, labeled by a (N − 1)-tuple whose entry is the difference of the length of the adjacent rows [l 1 −l 2 , l 2 −l 3 , . . . , l k −0]. The antisymmetry of the states is represented in the vertically stacked boxes, whereas the symmetry is represented in the horizontally stacked boxes, leading to the constraint that a Young tableau cannot have more than N rows (1 ≤ k ≤ N ). Additionally, a row cannot be longer than the row above it (l k ≤ · · · ≤ l 1 ).
In this work, we present two different methods of applying the LFWT to arbitrary irreducible representations, with emphasis on fully antisymmetric irreps. Such irreps, with a single column of length m, are very natural in the context of fermionic cold atoms in optical lattices because they describe the Mott phases with m particles per site. Owing to the strong hyperfine interactions, it is possible to load fermionic atoms with an internal degree of freedom that can take up to N values, thus implementing the SU(N ) symmetry. It is then possible to load up to N particles per site, and if the on-site repulsion is strong enough, to stabilize Mott phases with m particles per site for 1 ≤ m ≤ N . The best candidates are ytterbium, for which N can be as large as 6, and strontium, for which N can be as large as 10.
The first method is an extension of the multiboson spin-wave [34] [35] [36] to SU(N ) irreps, where each state of a given irrep is represented by a boson. A second approach relies on a different bosonic representation of the states of a given SU(N ) antisymmetric irrep, used by Read and Sachdev. 23 Based on the ordered nature of the ground-state we are considering, we assume a condensate of multiple colors on each sublattice, enabling the c-number substitution of the condensed bosons in the sprit of Bogoliubov. 37 Both procedures are applied to all the simplest two-dimensional geometries that can accommodate an antiferromagnetic color order without frustration. When the classical ground-state manifold is infinitely degenerate as in the SU(3) AFM Heisenberg model on the square lattice, the LFWT cannot give an accurate prediction of the color order due to the infrared divergency stemming from the degenerate classical groundstates, although this degeneracy is expected to be lifted by quantum fluctuations, thus allowing the system to retain a small color order (see Ref. 38) .
Henceforth, we consider the square lattice and the honeycomb lattice in a Néel-like two-sublattice configuration (n sub = 2), and the triangular lattice with three sublattices (n sub = 3), with n sub being the number of sublattices required for a frustration-free color-order. For an antiferromagnetic Heisenberg model with a given N , it is then natural to consider m = N n sub particles per site. We thus apply the method to the SU(4) AFM Heisenberg model with m = 2 on the bipartite square lattice and on the bipartite honeycomb lattice, and we continue with the SU(6) AFM Heisenberg model with m = 2 on the tripartite triangular lattice. We then derive results for any N on these geometries. We show that N = 4 on the bipartite square lattice is the only case that can possess long-range order, in other cases the zero-point quantum fluctuations will destroy the order.
II. MULTIBOSON LFWT APPROACH
We hereby address fully antisymmetric states expressed in terms of m fermions per site. The Young tableau of the corresponding irrep then consists of a single column with m boxes. In the fundamental representation, the fermionic representation Eq. (3) allows us to write the Heisenberg Hamiltonian, Eq. (2), as
where the constant term − m 2 N has been dropped. The Hamiltonian is then simply a permutation of two colors from two neighboring sites. m fermionic particles in an antisymmetric configuration form
states on a site that transform into themselves according to the corresponding irrep. We can thus assign a boson to each state of the irrep, providingÑ bosons, and we can rewrite the action of the Hamiltonian (i.e., the color permutation) in the basis of this irrep. This amounts to mapping our original states to SU(Ñ ) states in the fundamental irrep. The boson that represents the classical ground state can then be condensed in order to perform the semi-classical expansion by letting n c → ∞ (see Fig. 1 ). This is analog to the spin-wave expansion where we let S → ∞. The value of n c will be set to 1 at the end of the calculations.
A. SU(4) m = 2 on the square lattice Let us first consider SU(4) with m = 2 on a bipartite square lattice, on which we assume a Néel-like twosublattice ordered state (see Fig. 2 ). Furthermore, we assume that the first two colors A and B are condensed on sublattice Γ AB and the last two colors on sublattice Γ CD . The irrep we are considering is thus [0, 1, 0] . Let the basis of this six-dimensional irrep be
which we label conveniently as the elements of the set
Note that a different choice of basis does not affect the spectra of the Hamiltonian at the end of the calculations. It is also worthwhile noting that an orthogonal basis can be systematically found for any irrep of SU(N ) by using the orthogonal units developed by Young. 9 This yields six Schwinger bosons
CD and their Hermitian counterparts in this basis of the irrep, and they describe the composite particles composed of two SU(4) color particles. The generators for a given site i can be written aŝ
in which the bosons are antisymmetric in their indices,
µν , such that the indices can be ordered to yield the aforementioned labels {AB, AC, DA, BC, BD, CD}. The sign of the permutations takes into account the antisymmetry of the resulting states. As an example, the operatorŜ A C is given aŝ
which is exchanging color A with color C in all the states that allow this transition. The diagonal operatorŜ C C would be given aŝ 
The Hamiltonian (2) can then be written in terms of the Schwinger bosons. This result is obtained by writing the Hamiltonian Eq. (5) in the basis of the two-site Hilbert space.
In the language of the composite particles, the constraint m = 2 can be written as
where n c = 1 and η ∈ S. Let the site i AB ∈ Γ AB and the site i CD ∈ Γ CD . It is now possible to apply the standard linear flavor-wave theory as in Ref. 38 . Similar to the 1/S expansion in the spin-wave theory, the limit n c → ∞ allows us to write
where the superscript λ ∈ L := {AB, CD} refers to the corresponding sublattice in the spirit of the HolsteinPrimakoff representation. Expanding the square roots in 1/n c gives rise to a decomposition of the Hamiltonian in powers of √ n c :
The term H (0) ∝ n c 2 is the classical energy, whereas from a classical ground state. In the following, we truncate the Hamiltonian at the harmonic order and consider the quadratic term H (2) only. After the Fourier trans-
the quadratic Hamiltonian is given by
with
After the diagonalization of the non-diagonal terms (the only diagonal terms being those with b AB CD and b CD AB ) with the help of an adequate Bogoliubov transformation,
and similarly for other bosons, the resulting harmonic Hamiltonian reads as
The dispersion relation is depicted in Fig. 3 . Note that it is identical to the dispersion relation of SU (2) . Alternatively, in the structural Brillouin zone, we obtain
in which the boson b † originates from the decoupled bosons b AB CD and b AB CD , whereas the bosonsb † stem from the Bogoliubov transformation in Eq. (19) . We obtain 10 bands in the reduced Brillouin zone, which correspond to 5 bands in the structural Brillouin zone. From the 5 branches, four are dispersive and one is flat at energy 8Jn c . The (degenerate) dispersive bands are associated to the possible flavour-exchanges (e.g., A ↔ C and A ↔ D). The flat band, however, originates from having the same colors AB (or CD) on two neighboring sites of a bond. This is a higher-order transition, as two colors are different with respect to the chosen classical ground-state. In other words, it requires the action of two ladder operators: this can be seen in the weight diagram of this irrep, Fig. 4 , where AB and CD are two edges apart. Thus this higher-order excitation does not interact in the harmonic order of the bilinear Heisenberg exchange Hamiltonian, 35 and this results in a localized flat band.
The energy per site of the system due to quantum fluctuations is
We now define the ordered color moment on the site i ∈ Γ λ , as
so that the fully polarized classical Néel state is m i = 1. Then, the reduction of the ordered moment due to quantum fluctuations is
where we used the fact that b
is finite for λ ∈ L and η ∈ S \ {λ} as a consequence of the Bogoliubov transformation. This merely reflects the impossibility for the state AB to fluctuate into the state CD with the bilinear Heisenberg exchange in the harmonic order.
The ordered moment is then
Since the ordered moment m i > 0, this theory predicts that the system potentially retains a finite magnetic order. Note that the correction is not small, however. It is close to 80%. So, order is likely but not guaranteed. Note that we could alternatively define the ordered moment as in Ref. 14 in which it is defined on any site i of a bipartite lattice as
giving Following the same construction as in Sec. II A, we assume two sublattices Γ AB and Γ CD , and L = {AB, CD}, S = {AB, AC, DA, BC, BD, CD} as before (see Fig. 2 ). Then the harmonic Hamiltonian for the bipartite honeycomb lattice can be given as follows:
where k run over the structural Brillouin zone of the honeycomb lattice, thus giving rise to doubly degenerate bands. The dispersion relation of the dispersive ("magnetic") branch (see Fig. 3 ) is given by
where 
The reduction of the ordered moment is
The reduction is larger than the classical moment. It is thus likely that no finite order exists on the two-sublattice honeycomb lattice for N = 4 with two particles per site. Note, however, that the reduction is only marginally above 100 %. So, it cannot be excluded on this basis that a small moment survives quantum fluctuations.
C. SU(6) m = 2 on the triangular lattice Similar considerations can be done for the triangular lattice for which we assume a three-sublattice order with two particles per site, i.e., with sublattices Γ AB , Γ CD , Γ EF where we assume a basis similar to Eq. (7) (see Fig. 2 ).
Adding all the bonds together and merging them to form bands in the structural Brillouin zone, we obtain
with the dispersion relation (see Fig. 3 )
in which
It is worth noting the similarity between Eqs. (36) and (31), as the geometric bonds between two sublattices have the same angle in both the triangular and the honeycomb lattices. We obtain six bands that sit high in energy and eight bands associated to the exchange of flavors that always keep one flavor on the site, e.g., AB to AC.
The energy per site due to quantum fluctuations is
hence, we can conclude that the long-range color order is almost certainly destroyed by quantum fluctuations.
D. General m
For any antisymmetric SU(N ) irrep with m particles, the generatorsŜ µ ν for a given site i can be written aŝ
with α 1 , . . . , α m run over the N colors and σ 1 , σ 2 are permutations that order the letters in the alphabetical order. This is a direct generalization of Eq. (9), and its action is the permutation of color µ with ν while taking care of the sign change due to the antisymmetry of the states. Note that this can be generalized further for any general irrep by determining the action of the generator S µ ν on the basis states of the irrep.
From the three models above, we observe the existence of dispersive branches and non-zero flat branches at the harmonic level of the Hamiltonian. The dispersive branches stem from the transitions occurring from exactly one color exchange between two neighboring sites. In the case of the bipartite SU(4) square lattice, the state AB can decay into four different states (AC, DA, BC, BD) when exchanging one color with the neighboring state CD, yielding four dispersive branches. However, going from AB to CD requires the exchange of two colors at least, resulting in a flat band in the harmonic order with an energy sitting at 2Jz, i.e., the energy cost of exchanging two colors with z possible nearest neighbors.
In general, we can have bands with energy nzJn c (n ∈ {2, . . . , m}) depending on the number of the required color exchanges for a possible target state. Consequently, it is possible to deduce the diagonalized quadratic Hamiltonian by determining the number of color exchanges that are needed for every possible transition. In general, for any m with k = 2 for the square or k = 3 for the triangular lattice, the quadratic Hamiltonian is given by
where the sum runs over the structural Brillouin zone, and z is the coordination number between two sublat- The same conclusion also applies for the honeycomb lattice, with the only difference being the number of branches that is doubled in the first structural Brillouin zone. Introducing an index ξ to account for the doubling of the branches, we obtain
for the honeycomb lattice, where z = 3. Hence, the reduction of the magnetization as a function of the number of particles per site is given by
In all cases, the reduction of the local order parameter is much larger than 1 for m ≥ 3, making the presence of long-range order very unlikely.
III. READ AND SACHDEV BOSONIC REPRESENTATION
Harmonic fluctuations can be analyzed with an alternative approach by using a different bosonic representation for the SU(N ) generators. This bosonic representation briefly mentioned in Ref. 23 is an extension of the Schwinger bosons, and can be applied to any irreps whose Young tableaux contain m rows and n c columns. It assumes one boson for each color as well as for each row of the Young tableau, and the bosons are then antisymmetrized in accordance with the chosen irrep. In this realization, the SU(N ) operators can be written aŝ
where µ, ν ∈ {A, B, . . . } ≡ {1, . . . , N } are the color indices and a ∈ {1, . . . , m} are the row indices. They naturally satisfy the SU(N ) commutation relations. The constraints
with a ∈ {1, . . . , N } and a, b ∈ {1, . . . , m} ensure that we work in the given irrep. The constraints that involve the same line indices are the same as the constraints of the Schwinger bosons, whereas the other equations are additional constraints that enforce the antisymmetry of the irrep. The Heisenberg Hamiltonian in this bosonic representation is given by
A. SU(4) m = 2 on the square lattice
We now turn our attention to the square lattice with m = 2. Let us assume an ordered state in which the colors A and B sit on the sublattice Λ AB and the colors C and D are on the sublattice Λ CD of the square lattice. Note that we have deliberately broken the symmetry by choosing specific colors for the sublattice. In the limit n c → ∞, we assume that there is a condensate of colors A and B on the site i and a condensate of colors C and D on the site j. Consequently, it is possible to perform the Bogoliubov substitution of the condensed bosons with cnumbers (with c ∈ C), i.e.,
for any i ∈ Λ AB , j ∈ Λ CD , and a ∈ {1, . . . , m}. This replacement is true when considering the expectation value of the bosonic number operators and the operators S µ ν . It is also worthwhile noting that the conventional SU(2) spin-wave theory in the harmonic order also corresponds to replacing the condensed bosons by a c-number.
In this limit of the large condensate n c → ∞, the constraints (43) for the sublattice Λ AB to order O(n c ) are reduced to (46) The complex-conjugate counterpart of the third equation in Eq. (46) has been dropped as they are equivalent.
When written in a matrix form U AB such that
with µ ∈ {A, B} (the first N 2 colors) and a ∈ {1, 2} ≡ {1, . . . , m}, the set of equations Eq. (46) amounts to imposing a unitarity condition on the matrix U AB . Alternatively, the matrix elements of this unitary matrix can be parametrized in the following way. The set of equations Eq. (43) can be written as
where σ (α) a,b are Pauli matrices with α = x, y, z or
We can think of the problem as having two antiferromagnetically alligned SU(2) spins (the A and the B), the (z
The geometrical factor γ k is defined in Eq. (18) with the property that γ −k = γ * k , and the matrix U stems from U AB and U CD :
i.e., it is equal to U AB ⊗U CD with permuted columns, and is thus also unitary. Note that the structure of the matrix M k above is true in general for any N and corresponding m for any of the three lattices considered in this work, as this is a consequence of the structure of the Hamiltonian in Eq. (55). Using the matrix Y ,
the generalized Bogoliubov transformation reduces to searching the eigenvalues λ → 1 2 ω k of the matrix Y M k . The eigenvalues can be easily found thanks to the simple block structure of this matrix. With the identity that
for any unitary matrix U , it results that
The eigenvalues are then given by
By compactifying the notation, we finally find the diagonalized quadratic Hamiltonian
in which the dispersion relation is given by
with the phase ϕ 
It can be easily verified that z µa satisfies the constraints by using the identity Hence the same conclusion regarding the ordered color-moment can be drawn, namely that the only Heisenberg system that can potentially retain the color-ordered ground-state is the SU(4) particles with m = 2 on the square lattice.
IV. DISCUSSION
As seen in the previous considerations in the harmonic order, the flat branches we obtained with the multibosonic method are related to the multipole moments requiring more than one ladder-operator action. Since the Heisenberg Hamiltonian contains the bilinear term only, these transitions will thus result in localized branches in the quadratic order, and they do not intervene in the reduction of the ordering. The reduction of the color order originates solely from the fluctuations that come from the permitted decay channels that yield the dispersive branches.
The multiboson spin wave in SU(2) spin-S systems as in Ref. 35 gives us an insight to this method. When applied to a SU(2) Heisenberg spin-S systems to the harmonic order, 2S branches emerge in the structural Brillouin zone from which one branch is dispersive and the rest are flat. The dispersive branch describes the dipole moments of the spins on neighboring sites, i.e., one spin flip that results in the reduction of the fully polarized state S max = ±S by one quantum ∆S z = ∓1/2. The flat branches correspond to the higher-order transitions requiring more than one spin-flip, thus reducing the polarization by more than one quantum. It turns out that the dispersive branch is identical to the dispersive relation one obtains with the conventional spin-wave theory for spin S (but in the fundamental irrep), and one obtains exactly one band. In contrast, higher SU(N ) symmetries yield more than one dispersive branch due to the more intricate group structure. For N > 2, there are more possible ways to change a color, i.e., there are N (N − 1)/2 pairs of ladder operators (Ŝ µ ν , µ = ν) whereas SU(2) possesses only one pair of ladder-operators.
The accessible states by one color exchange can be schematically represented with the weight diagram of the corresponding irrep, in which a state is associated to a point [an example of a weight diagram for the SU(4) [0,1,0] irrep is shown in Figure 4 ]. For a given state, the states that can be reached by one color exchange are the adjacent points on the weight diagram. The edges that connect points are in one of the N (N − 1)/2 directions that represent the action of the ladder operatorŝ S µ ν , µ = ν, and each direction is associated to one specific color exchange. In our example, it can be seen that the a state in the irrep of SU (4) the flat multipolar branches do not appear. Apart from these silent modes, they both give rise to the same results and yield identical values of the ordered moment for each system we investigated.
According to the preceding analysis of the magnetization in Section II, the color order persists in the bipartite square lattice with two SU(4) particles per site, but it is destroyed in the bipartite honeycomb lattice, although the considered symmetry is identical (SU(4)) in both bipartite lattices. This behavior is also observed in the SU(2) spin- The tripartite triangular lattice with two SU(6) particles per site also does not retain a finite color order. However, the difference with the bipartite square lattice comes from the higher symmetry of SU(6) in this case. As N grows, the number of decay channels of the quantum fluctuations becomes also larger. Hence, the quantum fluctuations are stronger, and order is not favored as a consequence. As the study above involved the smallest non-trivial m = N/k possible for each geometry, we expect that the only possible candidate for the color order with many particles per site is the SU(4) Heisenberg model on the bipartite square lattice. A pinning-field QMC study on this model has shown that this model retains a finite magnetization of m alt i ≈ 0.24 − 0.26 at their largest system size and largest U , 14 a value similar to our result in Eq. (28) . However, a different QMC study shows results with no apparent broken lattice symmetry. 10 Hence, these results call upon further investigation to settle the existence or non-existence of the magnetic order on this model.
V. CONCLUSION
We have applied the LFWT to systems with more than one particle per site described by fully antisymmetric SU(N ) irreducible representations that are relevant to experiments with optical traps with more than one particle per site, first in the spirit of the multiboson spin-wave theory and secondly using a different bosonic representation for antisymmetric SU(N ) irreps. Both methods allow one to compute the ordered moment of the system and produce identical results. They predict that the SU(4) AFM Heisenberg model on the bipartite square lattice with two particles (m = 2) retains a finite longrange order even after including quantum fluctuations within the realm of the LFWT. The suggestion that this system could be magnetically ordered allows one to potentially fill the corresponding point in the phase diagram of the SU(N ) square lattice in Ref. 24 . However, it is likely that the quantum fluctuations destroy completely the color order for higher N with k = 2 as expected, due to the increase of quantum fluctuations with increasing N . This is also true for the honeycomb lattice and the triangular lattice, where the ordered moment is destroyed even for m = 2, the smallest permissible m assuming a two-sublattice order or a three-sublattice order, respectively. The stronger quantum fluctuations in the bipartite honeycomb lattice compared to the bipartite square lattice with the same SU(4) symmetry are explained by the lower coordination number z that reinforces quantum fluctuations.
